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Shape and Surface Roughness Effects on Turbulent

Nosetip Ablation

W. E. WeLsH Jr.*
The Aerospace Corporation, El Sequndo, Calif.

A simplified analysis is performed for first-order estimates of shape and surface roughness
effects on turbulent ablation of a re-entry body nose surface. The analysis treats the stable
turbulent ablated nose shape formed on an ablating eylinder in parallel hypersonic flow. It
is assumed that: turbulent boundary-layer flow exists over the entire nose, a stable shape
solution exists, surface pressures are Newtonian, and boundary-layer edge properties are given
by isentropic expansion of flow that entered the shock layer through a normal shock. A flat-
plate reference enthalpy relation is used to describe turbulent heating.: In addition, an ap-
proximate analysis is presented for the effect of ablative material surface roughness on the
recession rate of the turbulent shape. It is found that for the cases of v = 1.2, 1.4, and 1.585,
a power-law nose shape is predicted with r = z°7%, except near the axis of symmetry where r «
z°% and the sonic point is located at about two-thirds of the body radius aft of the forward tip.
Also, it is found that ablative material surface roughness of 0.001 in. can cause significant
increases in recession rate at stagnation point pressures over 10 atm for representative re-entry

conditions and body sizes.

The applicability of these resulis for the evaluation of re-entry

body shape change and recession rate is discussed.

Nomenclature
¢, = specific heat
h = enthalpy including dissociation energy
K, = heat flux ratio, qu/g¢» (smooth surface)
k= roughness height (or thermal conductivity)
Nu = Nusselt number, quepz[k(he — hy))
Q* = heat of ablation, ¢./(ps$)
g» = heat flux to body surface
P = pressure
Pr = Prandtl number
R = radius of curvature
r = radial coordinate
Rey, = diameter Reynolds number, pud/u
Re, = length Reynolds number, psuar/u.
Re;, = roughness Reynolds number, prurk/ure
Rey = momentum thickness Reynolds number, p.ud/ue.
§ = recession rate
u = streamwise velocity
x = distance along surface
2z = axial coordinate
a = surface angle
8 = momentum thickness
p = density

Superscripts and subscripts

oy

reference condition

evaluated using momentum thickness
sonic point condition

a = axial direction

b = body

d = diameter

e = edge of boundary layer
k= evaluated at roughness height
s = solid

w = wall

z = length

0 =

* =
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o = freestream condition
0 = stagnation point value
1,2 = limits of roughness regime; see HEqs. (10-12)

I. Introduction

LTHOUGH considerable attention has been given to lami-

nar ablation of the nose region of re-entry bodies, relatively
little information is available for the case of turbulent bound-
ary-layer flow over the nose. On the basis of results of tran-
sition experiments on hemispheres,'2 it can be expected that,
at sufficiently high Reynolds numbers, turbulent boundary-
layer flow will exist starting from a location close to the stag-
nation point on an ablating nose. Consider the nose region
between the stagnation point and the sonic point on a body
in hypersonic flow. It is of interest to determine the stable
ablated nose shapef and recession rate for the turbulent flow
case. The influence of surface roughness of the ablating ma-
terial under these conditions is also of potential significance.
The present work treats the nose region ablation of a eylinder
in parallel, hypersonic flow in order to provide first-order esti-
mates of these effects on re-entry bodies.

Experimental studies®* have indicated that, under low
Reynolds number conditions where the nose region boundary
layer is laminar, an initially hemispherical ablating body will
evolve into a somewhat blunter shape. However, for higher
Reynolds number conditions, several investigators*® have re-
ported development of an ogival-shaped nose that is clearly
distinguishable from the laminar shape. FExamples of the
two characteristic ablated nose shapes are shown in Fig. 1,
from the work of Miller and Sutton.* Shape B in Fig. 1 is a
typical laminar ablated shape. The ogival shape (C) is as-
sumed to be caused by turbulent boundary-layer flow over
the nose on the basis of qualitative similarity to the theoretical
results of Murzinov® for transient shape change of initially
hemispherical nose surfaces. Murzinov’s analysis did not ex-
tend to large times, where a time-independent, stable shape
may exist. Further, his work utilized a turbulent heating
distribution that did not adequately account for streamwise
length dependence of heating. No analysis is presently

t It is assumed that, regardless of the initial shape, the nose will
approach a stable shape after a sufficient time period.
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available of the stable turbulent ablated nose shape. Analy-
ses are available, however, for stable laminar ablated shapes.3.”
The present work follows the general method of stable shape
analysis used in previous laminar shape analyses such as
those of Benjamin” and Simpkins,? in which general relations
for pressure and heat-transfer distributions are postulated and
the resulting shape is solved for from a set of simultaneous
algebraie equations. Complexities of non-Newtonian surface
pressures and variable-entropy boundary-layer edge condi-
tions are avoided by restriction of the analysis to the subsonic
flow region on the nose. The flat-plate reference-enthalpy
relation is used for a general turbulent heat-transfer distribu-
tion. An estimate of the increased heat transfer due to sur-
face roughness, based on correlations of experimental results
in tube flow, is presented. After determination of the stable
turbulent shape and roughness effects on heating, a simple
method of calculating the axial recession rate is given that
uses the sonic point heating rate. Typical results for the
effect of surface roughness on the stable turbulent ablated
contour recession rate are illustrated for a range of body sizes,
roughness heights, and pressures. Applicability of these re-
sults to re-entry body flight and ground tests is discussed.

II. Stable Turbulent Ablated Nose Shape

A Dbrief analysis will be performed to obtain a desecription of
the turbulent subsonic flow region on an ablating nosetip.
This is a significant region for roughness effects (to be treated
later) since the local Reynolds number is high and conse-
quently yields thin boundary layers that are susceptible to
surface disturbances. The analysis is performed to find the
stable geometrical contour of the nose surface on an ablating
cylinder in parallel hypersonic flow. The geometry to be
analyzed and the coordinates are shown in Fig. 2. The pri-
mary assumptions for the analysis are as follows: 1) the
shape is time-independent, or stable, in nose-fixed coordinates;
2) the oncoming flow is steady and uniform; 3) transition
occurs at an infinitesimal distance from the axis, yielding
turbulent boundary layer flow over the nose surface; 4) the
turbulent heating distribution can be expressed by the flat
plate reference enthalpy (FPRE) relation; 5) surface pres-
sure can be expressed by a modified Newtonian relation; 6)
boundary-layer edge conditions for the entire nose region can
be approximated by isentropic expansion of flow from the
stagnation point pressure to the local surface pressure; 7) the
local recession rate of ablative material is linearly related to
the local hot-wall nonblowing heating rate ¢, through the heat
of ablation @*, and Q* is taken to be constant; 8) surface
temperature is uniform and constant; and 9) the sonic point is
located at the cylinder radius, and no ablation occurs on the
cylindrical surface of the body.

ATAA JOURNAL

Assumption 9 requires that the body radius remain constant
downstream of the sonic point. The analysis is thus per-
formed for the surface between the axis and the sonic point,
which is denoted as the nose region. In this region, geometry
requires that the normal and axial recession components be
related by

$a = §/sina = const 1)

for stable profile shape. Thus, surfaces at smaller angles «
have smaller local normal recession rates s. The surface
angle oy at the sonic point is considered given for specified
gas properties. The problem, then, is to find the variation of
urface angle a for 0 < r < ry and ap > a > as. The surface
angle g at r = 0 may or may not be =/2.
From Assumption 7 and Eq. (1) the heating rate distribu-
tion becomes .

Gu(r)/qu(rs) = $(r)/s(rs) = sina/sinay (2)

The flat plate reference enthalpy (FPRE) relationf can be
expressed, with the use of ()’ to denote the reference state
for variable properties, as

Nu,’ = 0.030Pr'Y*(Re,)%* 3

With Assumptions 4 .and 8, Eq. (3) yields the following
heating rate distribution, neglecting viscosity variations:

@)/ qu(re) = [(pte)/ (peue) < "S[2(r) /2 (rs) 1702 (4)
Equations (2) and (4) are combined to yield
[(pette)/ (pethe) 5 15 (r) /x(rs) | 7% = sine/sinax  (5a)
or
2(r)/x(ry) = (sina/sinas) 3[(pa)/(pate)x]t  (Bb)

The surface pressure in hypersonic flight with a thin shock
layer parallel to the local body surface is given by the modified
Newtonian relation

P/P, = sin?a (6)
For a given specific heat ratio v the local mass flux ratio
(0euo)/ (pette) s can be expressed as a function of « from Assump-

tion 6, Eq. (6), and isentropic flow relations. The nondimen-
sional surface length from Eq. (5b) can then be expressed as

z(r)/z(rs) = fily,e) @)

To obtain the equation for the nose shape in cylindrical co-
ordinates r and z, we note that dr = dx sine and dz = dx cosa.
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Thus the coordinates can be expressed as

= ( IN gi‘- sinada) / < f = j-fl sinada> (8a)
b @0 (o - 1) -

ZA _ a d_fl [ % .

" < fan a. cosada> / < w d, smada) (8b)

Because of the character of the integrals for r and z, it is not
possible to formulate an exact expression for » as an explicit
function of z. Solutions obtained for specific heat ratios of
interest are discussed in See. V. A discussion of integration
methods used in obtaining these solutions is presented in the
Appendix.

III. Surface Roughness Effects

Previous studies of boundary-layer flow over rough non-
ablating surfaces have shown that roughness can cause pre-
mature boundary-layer transition,? increased wall shear,? and
increased convective heating.'® Most ablation materials of
interest have a granular microstructure, which may cause
some inherent surface roughness. Relations are derived in
this section to estimate the effect of such surface roughness on
the heating rate to the stable turbulent ablating nose shape.

The assumptions for this analysis are as follows.

1) There exists an asymptotic limit to the ratio of fully-
rough-to-smooth wall heat transfer to a flat plate in turbulent
flow, and the value of that limit, as found by Dippree and
Sabersky? for fully developed incompressible turbulent tube
flow at Prandtl numbers near unity, is approximately 3.

2) The Reynolds number regime Re,, to Re,, (for a given
roughness height-to-length ratio k/z) where a transition occurs
between smooth and rough wall heat transfer in turbulent
flat plate flow is identical to that predicted by Schlichting? for
shear on a rough flat plate (Re, is evaluated with reference
enthalpy properties to account for large property variations).

3) The normalized variation of heat transfer with Reynolds
number in the transitional regime between smooth and fully-
rough wall conditions on a flat plate is similar to that found?®
for tube flow by substituting Re. for Re,.

4). The effect of roughness on turbulent heating in a pres-
sure gradient can be treated like that on a flat plate at the
local Reynolds number Re, and streamwise length x.

5) Roughness height & (i.e., effective sand roughness) is
given and constant.

6) All assumptions in Seec. II for the stable shape hold.

We denote the ratio of heating rate with roughness to that
for a smooth surface as K,. Note that from Assumption 1,

1<K, <3 ©)

Dippree and Sabersky’® have measured wall heat transfer
with incompressible turbulent flow in a rough tube and found
the heating rate to be a function of Re; and k/d. A simple
correlation of their result is

K. =14 2[(Req — Res)/(Rea, — Rea)),
Res < Rey < Req, (10a)
K. = 1, Res < Rea (10b)
K. =3, Res > Req, - (10¢)

(Note that Req; and Rey, are functions of k/d that need not be
specified here.) From Assumptions 1 and 3 we can find K,
for a rough flat plate by replacing ( )q in Eqgs. (10) with
( )z’. Schlichting® shows wall shear estimates for incom-
pressible turbulent flow over a rough flat plate, from which the
limits Re,, and Re., (of the Reynolds number regime over
which wall shear undergoes a transition from smooth to fully
rough limits) can be correlated as

Re,, = 47 (k/z)—1.051 (112)
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Re,, = 670(k/x) 1051 (11b)

With Assumption 2, Re,,’ and Re.,’ values for K, on a flat
plate can be evaluated from the right-hand sides of Eqs. (11a)
and (11b), respectively. Thus, we obtain for K, on a flat
plate, from Eqgs. (10) (with Re,’ substituted for Re,;) and
Eqgs. (11a) and (11b)

K, =1+ (2/18.25)({Re.'/[47(x/k)1 %]} — 1)

(12a)

Re.,’ < Re,’ < Re.,’
K, = 1, Re,’ < Re., (12b)
K, =~ 3, Re,’ > 14.25Re,,’ (12¢)

This result for K. is used in the calculation of heat transfer
and recession rate in Sec. IV. v

Since K, indicates the ratio of local wall heating in a pres-
sure gradient to the smooth wall heating (from Assumption 4)
given by Eq. (3), it follows that the heat-transfer rate ratio
of Eq. (4) requires modification to account for any variation
of K, along the surface for the case of surface roughness.
Thus, the shape result of Sec. II [see Egs. (8)] would be
altered if K. varies along the surface. Such modified shapes
are not derived here, however. According to the assumptions
of this analysis, the axial recession rate of the stable contour
can be determined by caleulation of sonic point phenomena,
and thus the altered shape with roughness should not change
the recession rate result to be shown next.

IV. Axial Recession Rate

On the basis of the foregoing assumptions and analysis, a
relation for the axial recession rate $. of the stable turbulent
ablating contour that includes surface roughness effects can
be derived. It is convenient to calculate this rate using sonic
point conditions because the siguificant parameters p.u. and
« are most easily obtained at that point on the contour. The
local normal recession rate, from the defining relation for heat
of ablation Q% is

$ = qu/(pQ") (13)

where p, is the density of the solid phase of ablating material,
and other terms are as previously defined. From Eqgs. (1)
and (13) the axial recession rate is

So = §/sina = ($)y/sinasx = (¢u)x/(p.Q* sinax) (14)

From Assumptions 4, 7, and 8 in Sec. II, Egs. (5) and (12),
and the definition of Nusselt number Nu.’, (¢.)s can be cal-
culated for given flow conditions, cylinder radius 5, and sur-
face roughness k. The product p.Q* can be specified for a
given ablation material. The value of sinas can be obtained,
from relations in Sec. I1, for a given specific heat ratio 7.

VY. Results

Stable turbulent ablated nose shape results have been ob-
tained from Eqs. (8a) and (8b) for several gas specific heat
ratios of interest; these results were obtained with integration
methods shown in the Appendix. The specific heat ratios
and corresponding sonic point surface angles studied were
v =12 ay = 48.767°; v = 1.4, ay = 46.633°; v = 1.585,
ax = 45.0°. The results of these calculations are shown in
Figs. 3a and 3b. The logarithmic plot in Fig. 3a indicates
similar exponential behavior for the three cases. It was
found that the results approximated r « 208 for r < r; and
r o« 207 for r ~ 1,.  The linear plot in Fig. 3b indicates the
visual appearance of the stable shapes. The major difference
found is the small extension of axial length caused by larger
v. If this effect were eliminated by appropriate replotting,
the nondimensional shape results would be negligibly different
for the three cases studied. An approximate formula for nose
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shape for the case of ¥ = 1.2 (applicable for high-temperature
air conditions) is

(r/r) = 1.422(2/r)*, 0.01 < r/rs < 1.0 (15)

except for locations very near the axis, where the exponent is
0.8.

Because the shape result for hypersonic flight is somewhat
similar to a sharp cone of half-angle ay, one can obtain a
qualitative estimate of the effect of lower flight Mach num-
bers on the gross shape by referring to invisecid flow results!!
for sharp cones. Figure 4 shows the required cone half-anlge
for sonic flow at the cone surface as a funetion of flight Mach
number. Thus it can be estimated that a sharper nose shape
will result for turbulent flow at Mach numbers less than 6 if
sonic flow is to be maintained at the outer edge.

Figure 5 shows the regimes of stagnation pressure and sur-
face roughness where roughness can affect the sonic point
turbulent heating rate for a specified flight condition and sur-
face temperature. These results are obtained from Eq. (12)
for K, with the use of standard approximations for properties
of air. The flight velocity of 17,350 fps and surface tempera-
ture of 4000°K were arbitrarily selected. Three values of
cylinder radius ; are indicated. As can be deduced from Eq.
(12a), 5 has only a slight effect on K,.

Also shown in Fig. 5 are estimated conditions for normal
(smooth-wall) and premature (roughness-induced) transition
at the sonic point of a stable laminar ablated nose. This
shape was taken to be a spherical segment of radius B =
(2)V2r;, on the basis of the experimental results of Miller and
Sutton? for ablating cylinders. Normal transition was as-
sumed to occur at a momentum thickness Reynolds number
Reg of 250 on the basis of the results of Stetson.l Roughness-
induced transition was assumed to occur at a roughness
Reynolds number Re; of 130 on the basis of the results of
Bandettini and Isler? for transition on roughened hemispheres
and on the effect of wall cooling postulated by Dunlap and
Kuethe.’? These transition estimates indicate that, when
roughness-induced transition occurs, the resulting turbulent
boundary layer is immediately disturbed by surface rough-
ness.

The effect of surface roughness on recession rate of the
stable turbulent ablated contour, from Eq. (14), is shown in
Figs. 6a, 6b, and 6¢ for the example reentry condition of Fig.
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5 and for three body sizes. The recession rate is made dimen-
sionless with an arbitrary reference value that is common to
the three figures; thus the results are not restricted to a par-
ticular ablative material or @* value. Laminar stable con-
tour recession rates (based on laminar stagnation point heat-
ing'®) for a spherical segment of B = (2)V%r, are shown for
comparison. A Lewis number of unity and fully recombined
species at the wall were assumed for both laminar and tur-
bulent heat transfer calculations.§

V1. Discussion

The analysis and results presented here relate to an ideal-
ized model formulated mainly for simple estimates of the
turbulent boundary-layer effect on a stable nose shape and of
surface roughness effects on the axial recession rate of that
shape. Accordingly, it is anticipated that the results will be
of most value in illustrating qualitative features of these
effects under experimental conditions with specific ablation
materials. Some of the major assumptions and possible in-
accuracies are discussed with regard to engineering applica-
tions.

It has not been established analytically that an asymptotic
limit exists for the ablated shape of a given ablating con-
figuration. However,.the experimental results of Miller and
Sutton? and Simpkins? suggest that such a limit is approached .
for long durations of ablation. Murzinov’s analytical results®
for transient laminar and turbulent ablation also suggest that
shape similarity is approached for large times. If such a limit
exists, it is apparent that a characteristic time of the order of
75/$o would be required to develop a new nose shape. It
should be noted that Benjamin,” Simpkins,® and Sutton'4 have
previously assumed the existence of stable or quasi-steady
states in the analysis of laminar ablated shapes. Two factors
in re-entry ablation problems could interfere with the forma-
tion of a stable nose shape. First, the oncoming flow condi-
tions could be strongly time-dependent. Second, the scale of
the nose can be influenced by transient ablation of down-
stream surfaces, even for constant oncoming flow conditions.
This would be more significant for conical afterbodies with
large cone angles.

The scale of the nose region (as defined here) for a cylinder
in parallel flow is probably different, even for a stable shape
situation, from that assumed here. Obviously, ablation can
indeed occur on surfaces with locally supersonic flow at the
boundary-layer edge. The calculation of stable shape for
that case will be more complex than the present analysis be-
cause of the need to determine local (non-Newtonian) surface
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§ Figures 6a, 6b, and 6c can also be interpreted in terms of hot
wall heating rate vs pressure by use of a linear scale conver-
sion with a heating rate of 1000 Btu/ft? sec located at unity §/s
(ref). (Note the sinax factor between turbulent heating and
axial recession rate.)
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pressures and p.u. for variable entropy conditions. It can be
noted, however, that even for scale reduction of the sonic
point radius to values like 7;/10, the recession rate for tur-
bulent boundary-layer flow will increase only by 599, be-
cause §, « (qu)sx = T 02 ~7r,~%2  With surface roughness,
however, such a scale change could cause considerably larger
nose recession because of the larger value of k/x achieved,
with a consequent increase in K, and ¢..

It can be shown that the local p.u. product as obtained from
Assumption 6 in Sec. IT is inaccurate for shapes approaching
sharp cones (such as those in Fig. 3). Near the outer radius
at ax, the p.u. value is probably closer to that given by cone
flow relations. An estimate has been made of the difference
between the isentropic expansion result and cone flow result
for (peue)x with v = 1.4. The ratio of cone flow p.u. to
isentropic p.u.at o was 1.495; the axial recession rate (evalu-
ated with the use of sonic point pe.) was 389, higher with
cone values. No evaluation was made of the corresponding
change of stable nose shape. The new shape corrected for
variable entropy effects would be slightly sharper near the

" axis [from Eq. (7)]. Future analyses could use more elabo-
rate shock layer relations to improve on the present work.

Direct application of the asymptotic limiting ratio of fully-
rough-to-smooth surface heat transfer found in tubes to the
case of flat plate and pressure-gradient flows, as made in As-
sumptions 1 and 4 in Sec. 111, is justified solely on the basis of
simplicity at present. Experimental data are required to
establish the validity of these assumptions.

If boundary-layer transition on the nose surface occurs at
some appreciable distance from the axis, then a stable shape
could develop that corresponds to laminar boundary-layer
flow in a central region and turbulent flow over the outer
region. KExperiments are required to establish the conditions
under which the entire nose surface boundary layer is tur-
bulent, as assumed in this analysis.

A primary question for engineering purposes concerns the
magnitude of surface roughness for estimates of boundary-
layer transition and increased turbulent heating and nose
recession rates. The effective surface roughness presumably
depends on the ablation material considered, its microstrue-
ture, the mode of ablation, and boundary-layer flow condi-
tions. The present results, although providing no data on
roughness for specific materials, indicate that only small values
of effective surface roughness are required for significant
effects on nose recession rate. Accurate determination of in-
process surface roughness may, in fact, be difficult to accom-
plish in a direct manner. However, it may be possible to
estimate roughness by comparison of experimental recession
rate results with analytical predictions such as those pre-
sented here.

More accurate recession rate analyses can be performed for
specific ablation materials with the use of relations accounting
for the variability of the effective heat of ablation @* with
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boundary-layer conditions. A constant Q* was assumed
herein only for purposes of illustration of other effects on
shape and recession rate. An important component of Q¥ is
the blowing effectiveness, which describes the reduction of
convective heating as a function of the mass injection rate.
It is probable that the blowing effectiveness will decrease as
surface roughness begins to disturb the boundary layer; de-
tailed recession rate predictions will depend upon determina-
tion of the extent of the decrease. It is evident that greater
differences than those shown here between laminar and
rough-turbulent recession rates will be predicted if the lower
Q* under turbulent conditions, and even lower @* with a de-
graded blowing effectiveness due to roughness, are used.
Ground tests of ablating bodies under conditions where
turbulent boundary layers and roughness effects can exist on
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the nose require evaluation of simulation parameters for these
effects in addition to parameters typically considered. The
present results suggest that test results will be sensitive to the
average flow Mach number, Mach number gradients, stream
turbulence level, body scale, and sonie point Reynolds num-
ber. Further, the sensitivity of test results to these parame-
{ers will be different for the laminar and turbulent cases.

VII. Conclusions

An analysis has been presented of the stable ablating nose
shape and nose recession rate under turbulent boundary-layer
conditions. This analysis is based on a set of simplifying
assumptions for a cylinder in parallel hypersonic flow. An
estimate has been made of the effect of surface roughness on
the nose recession rate.

Stable turbulent ablated nose shapes were predicted for gas
specific heat ratios of v = 1.2, 1.4, and 1.585. 'These shapes
were found to approximate power law shapes where r « 208 at
r<¥rnandr « 2% atr ~ r,. The axial position of the sonic
point was found to be between 0.625 r, and 0.722 r,. The de-
pendence of nose shape on flight Mach number was noted.

Surface roughness, characteristic of some ablating mate-
rials, was found to cause significant increases in nose recession
rate, even for roughness heights as small as 1 X 1073 in., at
re-entry stagnation-point pressure levels above 10 atm and
over a range of body radius from 0.05 to 5 ft.

The present results are qualitatively indicative of nose
shape and surface roughness effects on slender ablative re-
entry vehicle nosetips. Anticipated differences between the
present results and results from experimental situations have
been noted. The main conclusion that ean be made at pres-
ent is that, where turbulent boundary-layer flow occurs on the
nose of an ablating body, both flight and ground test results
can be significantly influenced by the effects of shape develop-
ment and surface roughness. More extensive analyses are
required to establish the nature and extent of these effects for
specific geometries, materials, and environmental conditions.

Appendix: Integration Methods for
Eqs. (8a) and (8b)

A. Special Case of v = 1.585

In the case of v = 1.585, it can be shown that ayx = 7/4
from Eq. (6), Assumption 6 in Sec. I1, and isentropic flow re-
lations. It can also be shown that, within an accuracy of
several percent, the mass flux ratio for this case can be ap-
proximated by

(peus)/(pate)x = sin(2a) (A1)
Thus the expression f1 in Eq. (7) becomes
Hla) = 2752(sina) ~5(sin2ar)* (A2)

The derivative dfi/d« is easily obtained for this case for use
in Egs. (8a) and (8b). Both equations can be integrated
exactly in this case. Inspection of Eq. (A2) shows that ag
must be 7/2 in order for f; (i.e., x/x%) to vanish at the axis,
and the result of integration is

r/re = (1/a) [(3) costa — (3) cos?a — log.(sina)] (A3a)
z/re = (I/a)[(Pa + (3) sin2a + (7%) sinda +
(cos’a)/(sina) + cos’a sina — (F5)w] (A3b)
where
a1 == [(2) cost(n/4) — (}) cos¥(r/4) — log. (sinm/4)] = 0.284

These expressions are evaluated over a range of 7/2 > a >
/4, permitting tabular or graphical presentation of r/r and
2/ at common values of a.
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B. General Case of Arbitrary v

From standard isentropic flow relations for M and (pu)/
(pu)x [ie., 1/(4/A+)] and the modified Newtonian surface
pressure relation [Eq. (6)], the following expression for mass
flux can be derived

(pee)/ (paueysx = [(2)/(y — D2 [(y + 1)/2]G+viizr-nl %
(sine) (r+1/7v, [(sine) [2(yv—=Dl/y 1]ve (A4)

Thus f; in Eq. (7) becomes
fila) = (sinday)/(sin’a)as(sina) 4Oy +D11y

[(sine) BOY—Dliv —1]2  (A5)

where
= [2/(y = DIH{(y + 1)/2)Dia6-)

The derivative dfi/da is then obtained and inserted into the
integral expressions for r and z. It is found that the expres-
sion for 7 [Eq. (8a)] can be integrated exactly for arbitrary ~y.
Inspection of Eq. (A5) shows that ap must be 7/2 in order for
fi (le., /xy) to vanish at the axis. The expression for radius
is found to be .

r/b = [(2n + m)/(m + 2n 4 1)}[(sin@)m+2a+l — 1] —
[2n + 2m)/(m + n + D][(sina)» 1 — 1] +
m/(m + D][(sina)=*t ~ 1] (A6)

where b = z,02* sinay, m= (4 — v)/v, n =2(1 — v)/v.
The expression for z [Eq. (8b)] cannot be integrated exactly.
The following integral expression for z was evaluated by
numerical methods:

z = 2n 4+ m) ,l::;z (cosa)2(sinq)mt2n—1dy —

(2n + 2m) f,:;z (cosa)?(sina)» T da -
(m) f *, (cosa)i(sina)nidac (A7)

where b, m, and n are defined as for Eq. (A6).

Expressions (A6) and (A7) for r and 2, respectively, were
evaluated over a range of 7/2 > o > a4 to permit tabular or
graphical presentation of r/r, and z/7 at common values of a.
Here the reference parameter r, is simply 7{as) from Eq.
(A6). Thus, the parameter b is eliminated in the presentation
of r/ry and z/7s.
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Thermal Degradation Kinetics and Surface

Pyrolysis of Vinyl Polymers

G. LENGELLE* v
Unaversity of California, San Diego, La Jolla, Calif.

Explicit expressions are obtained for the surface regression rates of pyrolyzing vinyl poly-
mers. Thermal degradation of the polymer in a subsurface reaction zone is assumed rate
limiting. Emphasis is placed on determination of the proper degradation mechanism (e.g.,
mode of initiation and magnitude of the kinetic chain length compared to the degree of poly-
merization), development of kinetic data, and derivation of corresponding expressions for the
rate of mass loss. The method of calculation is based on a matched asymptotic expansion
scheme, with the nondimensional activation energy, § = E/R°T; >> 1, treated as the expansion
parameter. Results are displayed for polytetrafluoroethylene and compared to experi-
mental results with fair success for polymethylmethaerylate and polystyrene.

Nomeneclature

[AH(qo + Nuw)1V28 explen(l — )]
pre-exponential factor in rate constants, se¢ ™1
specific heat at constant pressure
thermal diffusivity deep within polymer
activation energy in rate constants, cal/mole
E/RT,, nondimensional activation energy
&(1 — O), inner variable
function defined after Eq. (47)
specific enthalpy
enthalpy of formation of species 7 at T,
h/¢seT s nondimensional specific enthalpy
m HP
thermal degradation rate constant, polystyrene, Eq. (10)
thermal degradation rate constant, teflon, Eq. (3)
rate constant for initiation at chain ends, PMMA, Eq. (1)
random scission rate constant, polystyrene, Eq. (11)
weak links scission rate constant, polystyrene, Eq. (15)
d/r, width of the conduction region
monomer molar mass
mass of sample in isothermal bulk degradation
initial mass of sample in isothermal bulk degradation
number of weak links per monomer unit, polystyrene,
Eq. (18)
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n = order of the degradation reaction, Eq. (26)

P = degree of polymerization

P, = initial degree of polymerization

P, = critical chain length, at or below which the chain evapo-

rates rather than being further degraded

P, = kinetic chain length

g =1/P

g = 1/P

g = qp/(g + Nw)

r = surface linear regression rate, cm/sec

®? = nondimensional regression rate, Eq. (27)

R" = universal gas constant

T = temperature, °K

¢ = time

V: = velocity of species 7 with respect to that of nondegraded
polymer

ve = Vi/r

y = physical coordinate, normal to regressing surface, >0 into
gas phase

Y =y/l

o = Eps/ Esc

ﬂ = Bps/ Bsc

Y = Eps/ E,

8§ = B/Bw

ki = pif/ppe

T = Zuxi(ci/Cpo)(1 4+ v;)

A = coefficient of thermal conductivity

A = AN Ipo

7 = Y§, inner coordinate

@; = rate of production of species 7, g/sec cm?

Q= 0ld/rppe

p = density

e =1T1T/T,

Subscripts

any species present in the sample
monomer
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